Finite element analysis is the most powerful tool to predict the behavior of a structure in engineering practice. Generally, the initial finite element model must be corrected with experimental data due to its complexity. Thus, it is very necessary to study a finite element model updating method with high precision and high efficiency. To this end, this article presented an improved spectral decomposition flexibility perturbation method for structural finite element model updating. The improvements of the proposed method lie in two aspects. First, using the uniform correction model, the proposed method is more economical in computation than the initial method because the spectral decomposition and reorganization of elemental stiffness matrices can be avoided. Second, using the twice singular-value-truncation method, the proposed method has better performance than the initial method in combating data noise. A beam structure is employed to demonstrate the proposed method for model updating in a noisy environment. It was found that the result obtained by least squares estimate is seriously distorted and the result obtained by the first singular value truncation is also not entirely satisfactory. Only the result obtained by the second singular value truncation is the most stable and accurate. Overall, the improved spectral decomposition flexibility perturbation method is robust and effective in small modification case, large modification case, adjacent modification case, and multiple modifications case. The proposed method may be very useful for structural finite element model updating in the noisy environment.
Introduction
The finite element model (FEM) with high accuracy is required to predict the static and dynamical behaviors of the engineering structure during analysis and design. Once a structural FEM is constructed by software, its accuracy should be verified by comparing the analytical response parameters (such as displacements, natural frequencies, and mode shapes) obtained from the FEM with those obtained from the actual structure by static or dynamical experiments. If the agreement between the two is poor, the analytical FEM should be updated so that the correlation between predictions and test results is improved. The modified FEM can then be deemed to be a better representation of the actual structure than the original analytical model and will be used to analyze the static or dynamic responses of the actual structure for future design. This process of modifying the system matrices is called as FEM updating.
One important group of FEM updating techniques is the perturbation methods (also known as the sensitivity methods). In last few decades, the perturbation methods have been widely used in model updating, [1] [2] [3] [4] [5] damage detection, [6] [7] [8] [9] [10] [11] [12] [13] structural reanalysis, [14] [15] [16] [17] [18] [19] [20] vibration control, [21] [22] [23] [24] [25] nonlinear mechanics, [26] [27] [28] [29] [30] and so on. The traditional perturbation techniques are all the linear approximation methods based on the series expansion (Taylor series or Neumann series). Therefore, the first-order perturbation analysis can only be used for the small variation of the perturbation parameters. When the changes of structural parameters are relatively large, the high-order perturbation analysis or the iteration scheme is usually performed. But the highorder perturbation or iteration will tremendously increase the computation effort, especially for the large-scale complicated structures. To avoid expensive computing costs, Yang 31, 32 proposed a new flexibility perturbation method based on matrix spectral decomposition (SD) technique recently. The basic idea of the proposed method is to decompose a structural flexibility matrix into a matrix representation of the connectivity between degrees of freedom (DOFs) and a diagonal matrix containing the magnitude information. Using spectral decomposition and reorganization, the direct relationship between the parameter variations and the flexibility perturbation can be established without any high-order analysis or iteration. According to author's previous works, it has been shown for the statically determinate structures that the SD flexibility perturbation technique can provide the exact relationship between parameter variations and structural flexibility perturbation quantity. For the statically indeterminate structures, the SD flexibility perturbation method also has good estimate precision.
This article presents a further study of the SD flexibility perturbation method for structural FEM updating. The aim of this research is to increase the computational efficiency and accuracy of the SD flexibility perturbation method in the noisy environment. It is known that the ill-posed least square problem often arises in structural FEM updating due to the complexity of the actual engineering structure. This means that little errors in testing data may lead to very large errors in the results of model updating. The existing regularization methods [33] [34] [35] [36] [37] can partly improve the robustness and accuracy of the solutions of the ill-posed equations, but there is still much room for improvement in the calculation accuracy and efficiency. For the FEM updating problem, the elements that need to be corrected in the FEM are often only a small minority. This particularity of FEM updating has not been considered in the previous regularization methods. [33] [34] [35] [36] [37] In view of this, a twice singular-value-truncation (SVT) method is proposed in this article to solve the ill-posed problem existed in the SD flexibility perturbation method for structural FEM updating. The particularity of FEM updating is fully considered in the proposed procedure by removing many elements that need no modifications in the second SVT. With the help of twice SVT, the SD flexibility perturbation method can quickly achieve satisfactory results using incomplete noisy modal data. Besides, this article also puts forward a simplified SD flexibility perturbation technique in order to reduce computational effort further. By employing the uniform correction model, the computation operations of spectral decomposition and reorganization in the initial SD flexibility perturbation method can be successfully avoided. This leads to a significant reduction in the computational complexity of the proposed method. The presentation of this work is organized as follows. In section ''Theoretical developments of SD flexibility perturbation,'' the SD flexibility perturbation theory is briefly reviewed and then a simplified SD flexibility perturbation technique is proposed for model updating. Subsequently, the twice SVT algorithm is proposed to tackle the potential ill-conditioned least square problem in section ''The twice SVT technique.'' The verification of the feasibility and superiority of the developed method is illustrated in section ''Numerical example'' with a beam structure. The conclusions of this work are summarized in section ''Conclusion.''
Theoretical developments of SD flexibility perturbation
The SD flexibility perturbation method
The SD flexibility perturbation theory provides the direct relationship between the structural parameter variations and the flexibility perturbation quantity. Central to the SD flexibility perturbation method is the spectral decomposition and reorganization of structural elemental stiffness matrices. As is well known, the global stiffness matrix K in structural FEM is a sum of the elemental stiffness matrices, that is
where K i is the ith (n 3 n) elemental stiffness matrix and N is the total number of elements. In the vast majority of cases, the elemental stiffness matrix K i is not of full rank. For instance, the elemental stiffness matrix is of rank one for the truss structure and is of rank two for the plane beam element. Assuming the rank of K i is r, the spectral decomposition of K i can be expressed as 
where the dimensions of the stiffness connectivity matrix C and the diagonal matrix P are n 3 rN and rN 3 rN, respectively. C and P are independent of each other. Physically, model updating only changes the stiffness parameters p 
. . .
. . . 
. When the ith element has the second-class correction, the stiffness perturbed ratios a 1 i , a 2 i , . . . , a r i for this element will be different. In view of the complexity of actual structure, the uniform correction model will be used in this article since this model gives only a small error for a large structure. Subtracting equation (4a) from equation (3a), the disassembly of stiffness matrix perturbation DK can be obtained as
On the basis of equations (3) and (4), the SD flexibility perturbation theory can be established according to the interconversion of stiffness and flexibility. The next derivation should be divided into three cases: n.rN, n = rN, and n\rN. According to the FEM theory, the case of n.rN corresponds to the free-free structure, the case of n = rN corresponds to the statically determinate structure, and the case of n\rN corresponds to the statically indeterminate structure.
For the case of n = rN (i.e. the statically determinate structure), the disassemblies of the flexibility matrices before and after updating can be obtained from equations (3a) and (4a) as
where F is the initial flexibility matrix and F d is the updated flexibility matrix. Let
where D is the n 3 rN flexibility connectivity matrix with column vectors
Equations (6) and (7) can be expressed as
Subtracting equation (12) from (13), the flexibility change DF can be obtained as
From equations (3a), (4a), (12) , and (13), one can see that the stiffness and flexibility matrices have the similar decomposition formulas. From equations (5a) and (14a), the stiffness change DK and the flexibility change DF also have the similar decomposition formulas. Thus, q 
From the above derivation, the SD flexibility perturbation technique has been obtained for the statically determinate structures. That is, if the stiffness modified parameter a j i is given, the corresponding flexibility change DF can be exactly calculated by the process:
known, the corresponding modified parameter a j i can also be exactly computed through the process:
. For the cases of n.rN and n\rN, the exact decomposition of DF similar to equation (14a) is nonexistent. For such cases, the following formula can be employed as the approximate decomposition of DF, that is
In equation (17b), C + is generalized inverse of C, which can be computed by
The simplified SD flexibility perturbation for the uniform correction model
As stated before, the uniform correction model will be used in this article in view of the complexity of actual structure. This means that the stiffness perturbed ratios a 
Equation (14a) can be further simplified for the convenience of application. From equation (14b), one has
Substituting equation (20a) into (14a) yields
Equation (21) can be rewritten as
From equations (8), (9), and (12), equation (22) can be simplified as
From equations (2), (3a), and (18b), equation (23) can be rewritten as
In addition, the relationships similar to equations (15) and (16) between a i and b i are
and
From equations (24)- (26), the simplified SD flexibility perturbation approach has been established. That is, if the stiffness modified parameter a i is known, the corresponding flexibility change DF can be calculated by the process:
DF is given, the corresponding modified parameter a i can also be computed through the process: (24) with (14a), it is found that the simplified SD flexibility perturbation method has two advantages: (1) the number of the perturbed parameters is reduced (rN ! decrease N ) and (2) the calculation is more concisely because the spectral decomposition and reorganization of elemental stiffness matrices can be avoided.
The twice SVT technique
As stated before, for structural model updating, the correction factors a i (i = 1 ; N ) can be computed through the process of DF ! Equation (22) 
where l j and u j are the jth eigenvalue and mode shape of the analytical structure, respectively; l dj and u dj are the jth eigenvalue and mode shape of the actual structure, respectively; and m is the number of measured modes in structural vibration modal testing. With DF determined by equation (27) , the flexibility correction factors b i (i = 1 ; N ) can be first computed by manipulating equation (24) into a multiple linear regression model, that is
where DF is the straightened vector obtained from the matrix DF. Let the (i, j)th element of DF be represented by Df ij , then DF = (Df 11 , . . . , Df 1n , Df 21 , . . . , Df 2n , . . . , Df ij , . . . , Df nn ) T . ½h i is the coefficient matrix of the regression model, and b i f g is the vector of unknown parameters. The least squares estimate (LSE) 33 is often used to compute b i f g from equation (28a), that is
where the superscript '' + '' denotes the Moore-Penrose generalized inverse. According to the matrix theory, the generalized inverse of a matrix can be computed by singular value decomposition (SVD) technique. The SVD of ½h i can be expressed as
where U and V are the orthogonal matrices and s 1 , s 2 , . . . , s t are the nonzero singular values of ½h i with s 1 ø s 2 ø Á Á Á ø s t . From equation (30) , the generalized inverse of ½h i can be computed by
In most cases, the matrix ½h i is often ill-conditioned in engineering practice. This may lead to unstable and inaccurate calculation results by equation (29) . In view of this, a twice SVT technique is proposed to solve the ill-conditioned least square problem for improving the stability and reliability of model updating. By ignoring some smaller singular values, the first SVT solution of b i f g can be obtained as
where z is the number of remained singular values. These remained singular values s x (x = 1 ; z) all satisfy s x =s max ø z (z is a predefined threshold value, for example, z = 0:001). When b i f g is determined by the first SVT using equation (32) , the most probable modified elements can be selected according to the relatively larger values in b i f g. Generally, those values in b i f g that are less than 0.05 should be deemed to correspond to those elements that need no modifications. Then, equation (28a) can be further simplified for the second SVT solution by removing some column vectors in ½h i and coefficients in b i f g corresponding to those elements that need no modifications. That is
where ½h Ã i is the remained matrix of ½h i after removing some column vectors related to those elements that need no modifications, b
is the remained vector of b i f g after removing the corresponding coefficients. From equation (33) , the second SVT solution can be obtained as
where s Theoretically, any correction scenario can be simulated to validate the proposed method. Without the loss of generality, four correction categories as shown in Table 1 are studied in this example. Note that these four correction cases are designed to represent the common types of FEM updating. Case 1 is designed to simulate the single small correction case. Case 2 is designed to simulate the single large correction case. Case 3 is designed to simulate the correction case of adjacent elements. Case 4 is designed to simulate the multiple corrections case. In the following discussion, the first-order frequency and mode shape are used to compute the flexibility change DF before and after modification. Moreover, only the data corresponding to transnational DOFs are used in the following calculation due to the difficulty of measuring the rotational DOFs.
For correction case 1, Figures 2-4 present the calculation results of fb i g without noise by LSE (equation (29)), the first SVT (equation (32)), and the second SVT (equation (34)), respectively. Note that the threshold value z is 0.001 in SVT. Apparently, Figures 2-4 all indicate that only element 13 needs to make a modification. It has been shown that results obtained by LSE, the first SVT, and the second SVT are all satisfactory when there is no noise in the used modal data. Using equation (26) , the correction factor a i of element 13 can be calculated as: a 13 = 0:1438 (LSE), a 13 = 0:126 (the first SVT), and a 13 = 0:1503 (the second SVT). Compared with the simulated value 15%, it is obvious that the result obtained by the second SVT has the highest accuracy.
When 5% noise is added to the mode shape, Figures  5-7 give the calculation results obtained by LSE, the first SVT, and the second SVT. From Figure 5 , one can see that LSE fails to indicate that only element 13 needs to make a modification. It has been shown that LSE is very sensitive to noise and may lead to wrong modification results. From Figures 6 and 7 , the first SVT and the second SVT both have good ability to resist noise and can indicate that only element 13 needs to make a modification. Using equation (26) , the correction factor a i of element 13 can be calculated as: a 13 = 0:1255 (the first SVT) and a 13 = 0:1499 (the second SVT). Compared with the true value 0.15, the accuracy of the result obtained by the second SVT is obviously improved.
When 10% noise is added to the mode shape, Figures 8-10 provide the calculation results obtained by LSE, the first SVT, and the second SVT, respectively. Again, the result obtained by LSE in Figure 8 is completely distorted. The result obtained by the first SVT in Figure 9 is also not entirely satisfactory since elements 13, 14, and 17 are all identified as the elements need modifications (b 13 = 0:1428, b 14 = 0:0593, b 17 = 0:0747; they are all greater than 0.05). From Figure 10 , the second SVT still performs very well for the fact that only element 13 is identified to be the element that needs to make a modification (b 13 = 0:195). Using equation (26), the correction parameter a i of element 13 can be calculated as: a 13 = 0:125 (the first SVT) and a 13 = 0:1632 (the second SVT). The above results once more demonstrate the superiority of the second SVT compared with LSE and the first SVT. For correction case 2, Figures 11-13 present the calculation results using LSE, the first SVT, and the second SVT, respectively. Apparently, the results obtained by the second SVT are the most stable and accurate. The correction factor a i of element 13 obtained by the second SVT is: a 13 = 0:4536 (no noise), a 13 = 0:5379 (5% noise), and a 13 = 0:5768 (10% noise). Compared with the true value 0.5, the accuracies of these results are acceptable. These results reflect the particular advantage of the SD flexibility perturbation method over other perturbation methods for large modification.
For correction case 3, Figures 14-16 present the calculation results using LSE, the first SVT, and the second SVT, respectively. Once again, the results obtained by the second SVT are the most stable and accurate. The correction factors a i of elements 18 and 19 obtained by the second SVT are: a 18 = 0:1828; a 19 = 0:2173 (no noise), a 18 = 0:1632; a 19 = 0:2276 (5% noise), and It has been shown that the proposed method can achieve good model updating results for the multiple corrections case.
To further investigate the ability of the proposed method to resist higher noise, Figures 20-23 give the calculation results for cases 2 and 4 under 15% noise, respectively. When 15% noise is added to the mode shape, the result obtained by LSE in Figure 20 is completely distorted. The result obtained by the first SVT in Figure 21 is also not entirely satisfactory since it indicates that many elements besides element 13 need to be corrected. Only the second SVT performs well because that its result shown in Figure 21 clearly indicates that only element 13 needs to be corrected. Using equation (26) , the correction parameter a 13 of the second SVT can be calculated as a 13 = 0:6099, which has 22% relative error as compared to the assumed value 0.5. For case 4, the similar conclusion can be drawn based Figures 22 and 23 that the result obtained by the second SVT is the most stable and accurate. The correction parameters a i of elements 7, 15, and 24 obtained by the second SVT under 15% noise are a 7 = 0:1484, a 15 = 0:1866, and a 24 = 0:2265, which have 48.4%, 6.7%, and 24.5% relative errors as compared to the assumed values 0.1, 0.2, and 0.3, respectively. It should be noted that the accuracy of the second SVT is decreasing with the increase in the noise level. Even with the second SVT, one can see from Figure 23 that several elements such as elements 3 and 23 have been wrongly determined to be the elements need corrections.
According to the above results, it has been shown that LSE is very sensitive to data noise. The reason for this is that the linear equation (28) for FEM updating has serious morbidity problem. In other words, there is stronger multicollinearity among column vectors in the coefficient matrix ½h i of equation (28) . From the view of singular values, the fluctuation of the solution is mainly caused by the smaller singular values of the coefficient matrix ½h i . Thus, the SVT technique can partly improve the robustness and accuracy of the solution of the ill-posed equation by ignoring some smaller singular values. As shown in the above results by the first SVT, the true elements that need corrections can be found in these figures, but at the same time, many other elements that need no corrections were wrongly identified. For the FEM updating problem, the elements that need to be corrected in the FEM are often only a small minority. To further improve the accuracy of the solution, a feasible method is first to remove those elements that need no corrections according to the result of the first SVT and then to solve the model updating equations again through the SVT technique. From the view of solving equation, this is equivalent to effectively reducing the number of unknowns. Therefore, the results obtained by the second SVT have better precision. On the whole, the proposed scheme is simple and effective since no iteration operation is required in the calculation process, regardless of whether the modification is small or large.
Conclusion
An improved SD flexibility perturbation method for structural model updating has been developed in this study. Using the uniform correction model, the proposed method is more economical in computation than the initial method because the spectral decomposition and reorganization of elemental stiffness matrices can be avoided. Using twice SVT method, the proposed method has better performance of combating data noise. A beam structure is used as an example to validate the proposed method for model updating. The results show that the proposed method performs well in small correction case, large correction case, adjacent correction case, and multiple corrections case. It has been shown that the improved SD flexibility perturbation method could be a very promising approach for structural model updating or structural damage detection.
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